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Abstract. We show that the cylinder B 2 (l) x R 2(n J) embeds sym- 
O plectically into the product B 2(n_1) (7?) x R 2 for some finite R > 0. 

which answers a question posed by H. Hofer in 1989. This implies the 
nonexistence of symplectic d-capacities, 1 < d < n, on the category of 
2n-dimensional symplectic manifolds, which answers another question 
of Hofer. We draw essentially on the work of Guth, Hind, Kerman, and 
r Polterovich, which shows that B 2 (l) x B 2(n_1) (r) may be symplectically 

embedded into B 4 (i?) x R 2 < n - 2 > for any finite r > and R > VS. We 
. supply the final arguments to answer Hofer's questions. The main tool 

is a construction to remove singular limits of families of embeddings. 

S 



1. Introduction 



£N| A symplectic manifold is a pair (M, cj) consisting of a 2n-dimensional 

C°°-smooth manifold M and a symplectic form u, that is, a non-degenerate 
closed differential 2-form on M. For instance, any open subset of M. 2n 

I/-} equipped with the 2-form oj = Ya=i A where (xi, y%, . . . , x n , y n ) 

denote the coordinates in R 2n , is a symplectic manifold. If U and V are 
open subsets of M 2n , a symplectic embedding f : U — > V is a smooth embed- 
ding such that f*ojo = ojq. In particular, volume(C/) ^ volume(V). 

Let B 2n (R) denote the open ball of radius R in M. 2n , where R > 0, that is, 
the set of points (x\, y± . . . , x n , y n ) G R 2n such that ^r=i( x *) 2 + (Hi) 2 < R 2 - 

. £h Gromov's Nonsqueezing Theorem [9] states that there is no symplectic em- 

bedding of B 2n (l) into the cylinder B 2 (R) x M 2 ^ 1 ) for R < 1. It is consid- 
ered one of the most fundamental results in symplectic topology. In particu- 
lar, it may be used to derive the Eliashberg-Gromov Rigidity Theorem (the 
theorem says that the symplectomorphism group of a manifold is C°-closed 
in the diffeomorphism group). Many contributions concerning symplectic 
embeddings followed Gromov's work, see e.g. Biran [1, 2, 3], Ekeland-Hofer 
[ ], Floer-Hofer-Wyscoki [6], Hofer [12], Lalonde-Pinsonnault [15], McDuff 
[16, 20], McDuff-Polterovich [18], and McDuff-Schlenk [21]. 

Throughout this paper we assume that n ^ 3. The goal of this paper is 
to answer a question posed by Helmut Hofer [12, page 17] in 1989 which is 
closely connected to Gromov's theorem, and a question of Hind and Kerman 
[11] concerning the existence of symplectic embeddings of B 2 (l) x IR 2 ( n_1 ) 
intoB^^xM 2 ^- 2 ). We also answer a second question of Hind and Kerman 
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concerning symplectic embeddings into B 2 (i?i) x B 2 (i?2) X M?( n ~ 2 \ Using 
the answer to the (non-bounded version of) the second question by Hind and 
Kerman, we will show the following result, which answers Hofer's question. 

Theorem 1.1. The cylinder B 2 (l) xM 2 ^ -1 ' may be symplectically embedded 
into the product B 2 ( n-1 )(.R) x R 2 for all R ^ V2™- 1 + 2 n ~ 2 - 2. 

When n = 2, Theorem 1.1 also holds for trivial reasons. Theorem 1.1 
answers a second question posed by Hofer in the same paper [12, page 17], 
where he predicts the nonexistence of intermediate capacities: "so far no 
examples are known for intermediate capacities (1 < d < n). It is quite 
possible that they do not exist. Some evidence for this possibility is given 
by the fact that there is an enormous amount of flexibility for symplectic 
embeddings M N with dimM ^ dimiV + 2, see Gromov's marvellous 
book [8]". Indeed, the d-nontriviality property of o!-capacities (see Section 
3, item (3)) cannot be satisfied if 1 < d < n because of Theorem 1.1. 

Theorem 1.2. Symplectic d-capacities on the category of 2n- dimensional 
symplectic manifolds do not exist for any 1 < d < n. 

In sharp contrast with Theorem 1.2, many examples of 1-dimensional ca- 
pacities are known, and the volume always gives an n-dimensional capacity. 
In view of this, Theorem 1.2 implies that symplectic (^-capacities exist if and 
only if d € {1, n}. 

The paper, and the proof of Theorems 1.1 and 1.2, use and build in an es- 
sential way on the work of L. Guth, R. Hind, E. Kerman, and L. Polterovich. 
The work of Guth [10, Section 1] is a major step towards answering Hofer's 
questions, and is key to our approach, which builds on several of his ideas. 
Our contribution in this paper is to supply the final arguments needed to 
answer Hofer's questions. The paper relies on a method to remove singular 
limits of smooth families of embeddings, which is explained in Section 5. The 
literature on the subject is extensive, and we refer to [4, 8, 13, 14, 23, 24] 
and the references therein. 

2. Symplectic embeddings 

The first question this paper aims to answer is the following. Let n 3 
(the case of n = 2 is trivial to answer). 

Question 2.1 (Hofer [12, page 17]). Can B 2 ( d-1 )(l) xK 2 M +1 ) be symplec- 
tically embedded into B 2d (R) x R 2 ( n ~ d ) for some R < oo and 2 ^ d ^ n — 1? 

Theorem 1.1 answers Question 2.1 in the positive for all 2 ^ d ^ n — 1 
(the explicit construction of the embeddings is in the proof of Theorem 1.2). 

Question 2.2 (Hind and Kerman [ , Question 2]). Can B 2 (l) x B 2 ( n ~ 1 )(S") 
be symplectically embedded into B 4 (i?) xIR 2 (™~ 2 ) for arbitrarily large S > 0? 
If so, what is the smallest R > for which this is possible? 
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Question 2.2 was settled by Guth and Hind-Kerman [10, 11]. They proved 
that there are embeddings when R > v3 for all S > 0, but not if R < v3 and 
S is sufficiently large. Prior to their work it was known that the Ekeland- 
Hofer capacity implied R > y/2, if such embeddings did exist (see [5] ) . The 
case R = y/3 was open prior to the present paper; their proof is based on a 
limit argument as y/3 + e — > y/3, which blows up at y/3. 

Theorem 2.3. The cylinder B 2 (l) x M 2 ( n_1 ) embeds symplectically into 
B 4 (i?) x M 2 (™- 2 ) if and only ifR^V%- 

Question 2.1 may also be found in the survey by Cieliebak, Hofer, Latschev, 
and Schlenk [ , Problem 14]. A refined version of the same question when 
d = 2 also appears as [11, Question 1]: what, if any, is the smallest value 
of R > for which B 2 (l) x K 2 ^" 1 ) can be symplectically embedded into 
B 4 (i?)xM 2 ("- 2 )? The question appears repeated in a number of other works. 

3. Symplectic capacities 

Symplectic capacities were invented in Ekeland and Hofer's influential pa- 
per [5, 12]. The first capacity, called the Gromov radius, was constructed 
by Gromov [9] (its existence follows from the Nonsqueezing Theorem). For 
the basic notions concerning symplectic capacities we refer to [ ] . We follow 
the presentation therein here. Denote by 8,££ the category of ellipsoids in 
M 2n with symplectic embeddings induced by global symplectomorphisms of 
M 2n as morphisms, and by Symp 2n the category of all symplectic manifolds 
of dimension 2n, with symplectic embeddings as morphisms. A symplectic 
category is a subcategory C of Symp 2ra such that (M, uS) € C implies that 
(M, XuS) G C for all A > 0. A generalized symplectic capacity on a symplec- 
tic category C is a covariant functor c from C to the category ([0,oo],^) 
satisfying the following two axioms: 

(1) Monotonicity: c(M, u>) ^ c(M',u/) if there exists a morphism from 
(M,w) to (MX); 

(2) Conformality: c(M,Xoj) = Xc(M,u) for all A > 0. 

A symplectic capacity is a generalized symplectic capacity which, in addition 
to (1) and (2), is required to satisfy nontriviality: 

c(B 2n (l)) > and c(B 2 (l) x R 2n - 2 ) < oo, 

and the normalization property (that is c(B 2n (l)) = 1). Now let's consider 
a symplectic category C C Symp 2n which contains Ztt and let 1 ^ d ^ n. A 
symplectic d-capacity on C is a generalized capacity satisfying: 

(3) d-nontriviality: 
c(B 2d (l) x R 2 ("- d )) < oo 

c (B 2 ('i- 1 )(l) X R2(n-d+l)) = ^ 
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Symplectic d-capacities are often called intermediate capacities if 2 d ^ 
n — 1. Intermediate capacities were introduced by Hofer [12] in 1989, but 
no example has ever been constructed. Hofer conjectured that it is quite 
possible that they would not exist. The work of Guth [10, Section 1] pointed 
to the fact that "reasonably continuous" intermediate capacities should not 
exist. 

Question 3.1 (Hofer [12, page 17]). Does there exist a symplectic d-capacity 
on a symplectic category C containing £,££ for some 1 < d < n? 

Question 3.1 also appeared as Cieliebak-Hofer-Latschev-Schlenk [4, Prob- 
lem 13]. The answer to Question 3.1 is given by Theorem 1.2. 

4. Capacities and embeddings into B 2 (Ri) x B 2 (i? 2 ) x R 2( - n ~ 2 ^ 

Let's now consider the following question. As before, let n ^ 3. 

Question 4.1 (Hind and Kerman [11, Question 3]). What, if any, are the 
smallest < R t < R 2 such that B 2 (l) x B 2 ^" 1 )^) may be symplectically 
embedded into B 2 (i?i) x B 2 (R 2 ) x M 2 ( n - 2 )? 

Guth's work implies that, for any R ^ v2 and S > there is a symplectic 
embedding from B 2 (l) x B a ( n_1 >0S) into B 2 (i?i) x B 2 (i? 2 ) x R 2 (™- 2 ) ([ , 
Theorem 1.6]). Hind and Kerman proved that for any < R < v2 there 
are no symplectic embeddings of B 2 (l) x B 2 ( n-1 )(S) into B 2 (Ri) x B 2 (i? 2 ) x 
]^2(n-2) -^^gn 5 i s sufficiently large. Their proof is based on a limiting 
argument as v2 + e — > y2 which may not be directly applied to the \/2 
case. In analogy with Question 2.1, we ask the following. 

Question 4.2. What, if any, are the smallest < Ri ^ R 2 such that 
B 2 (l) x M 2 ^- 1 ) embeds symplectically into B 2 (i?i) x B 2 (i? 2 ) x M 2 ( n - 2 )? 

The answer to Question 4.2 is given by the following. 

Theorem 4.3. The product B 2 (l) x M 2 ( n_1 ) embeds symplectically into 
B 2 (R 1 ) x B 2 (i? 2 ) x R 2 (™- 2 ) with < R x ^ R 2 if and only if ^2 ^ Rl 

Idea of proof of Theorems 2.3 and 4.3. 

(Step 1). We verify that the constructions of embeddings which 
Guth and Hind-Kerman carried out to answer Questions 2.2 and 4.1, 
which depend on parameters, vary smoothly with respect to these 
parameters. To do this, we follow these authors' construction with 
some small variations checking that at every step there is smooth 
dependance on the parameters involved. This is a priori unclear from 
the constructions, which involve choices of maps, curves, points, etc. 
We overcome this by supplying smooth formulas. Sometimes we use 
ideas of Polterovich to construct these formulas. 
(Step 2). From the smooth family in Step 1, we construct a new 
family of smooth symplectic embeddings which has, as limit, a sym- 
plectic embedding i. We are not claiming that i is the "limit" of 
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the original family (which may not exist). The original family is 
modified according to the upcoming Theorem 5.3. 

Proof of Theorems 1.1 and 1.2. 

Proof of Theorem 1.1. If 1 d ^ n — 1, Theorem 4.3 may be applied d — 1 
times to get a symplectic embedding from B 2 (l) x M 2 ( n_1 ) into 

B 2 (2t) x B 2 (2 1 ) ... x B 2 (2^) x B 2 (2^) x R 2 ^. 



If d = n— 1, we get a symplectic embedding into B (2a) x ... x B (2 2 ) x 
B 2 (2^ ) xM 2 which is included in B 2 ( n_1 )(\/2 + 2 2 . . . + 2 n ~ 3 + 2 n " 2 + 2™- 2 ) x 
R 2 . The result follows from 2 + 2 2 . . . + 2"- 3 + 2 n " 2 + 2 n " 2 = 2™- 1 + 2 n ~ 2 - 
2. □ 

Proof of Theorem 1.2. Let 1 < d < n. We have 

B 2 ( rf-1 )(l) x C B 2 ( d - 2 )(1) x B 2 (l) x M 4 x M 2 ^" 1 ). 

By Theorem 2.3 (or Theorem 1.1), B 2 (l) x E 4 embeds into B 4 (i?) x K 2 for 
some R > 0. Since B 2 (^ 2 )(l) x B 4 (i?) is included in B 2d (R') for some R' > 
we get a symplectic embedding : 

B 2 («*-i)(i) x E 2 ("- d + 1 ) ^ B 2d (i?') x M 2 ( n ~ d ), 

which contradicts (i-nontriviality. □ 

Remark 4.4. The radius in Theorem 1.2 is not optimal, as can be seen for 
n = 3 in view of Theorem 2.3. 



5. Families with singular limits and Hamiltonian dynamics 

The ideas in this section are not new but we could not find the explicit 
statements we needed in the literature 1 . 

Smooth families. We start with the following notion of smoothness. 

Definition 5.1. Let P,M,N be smooth manifolds. Let (B p ) p ^p be a 
family of submanifolds of N. For each p G B p , let 4> p : B p <—> M be an 
embedding. We say that (4> P ) P £P is a smooth family of embeddings if the 
following properties hold : 

(1) there is a smooth manifold B and a smooth map g : P x B — )• N 
such that g p '. h 1 — y g(p,b) is an immersion and B p = g(p,B), for 
every p £ P; 

(2) the map $:PxB->M defined by 

$(p,6) := 4> p og{p,b) 

is smooth. 

^This section has been influenced by many fruitful discussions with Lev Buhovski, and 
we are very grateful to him. 
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In this case we also say that ((fr p : B p M p ) p6 p is a smooth family of 
embeddings when M p is a submanifold of M containing 4> P {B P ). If M and N 
are symplectic, then a smooth family of symplectic embeddings is a smooth 
family of embeddings (4> P ) P £P such that each <p p : B p M is symplectic. 

Definition 5.2. If in Definition 5.1, P is a subset of a smooth manifold P, 
then we say that the family (0 p ) pg p is smooth if there is an open neighbor- 
hood U of P such that the maps g : P x B N and $ : P x B — > M may 
be smoothly extended to U x B. 

Limits of smooth families. We present a construction to remove a singu- 
lar limit of a smooth family. A closely related statement is [17, Corollary 1.2]. 

Theorem 5.3. Let N be a symplectic manifold, and let Wt C N, t G (0, a), 
be a family of simply connected open subsets with W s C Wt, for s,t G (0, a) 
and t < s. Let 

W := (J W t . 
46(0, a) 

Lei 

(&: W t ^M) tma) 
be a smooth family of symplectic embeddings such that for any t,s > 0, the 
set U«e[ts] ^v(Wv) is relatively compact in M. Then there is a symplectic 
embedding Wq M. 

Remark 5.4. If iV = M 2n and if there is a continuous function r: (0, a) C 
R — )■ (0,oo), v h-> r('u), such that (j> v (W v ) is contained in B M (r(f)) for every 
v G (0, a), then the hypothesis in Theorem 5.3 that for any fixed t, s > 0, 
the set Ui>e[t s ] i s relatively compact in M, is automatically satisfied. 

Indeed, we have that \J vE t t s i ^(W,,) C B 2d (max t6 [ t)S ] r(u)). 

Key lemmas. We use two lemmas in order to prove Theorem 5.3. 

Lemma 5.5. Let Wt C N, t G (0, a), be a family of simply connected open 
subsets of a symplectic manifold N. Let {4> t '■ Wt M- M) t6 ( ,a) ^ e a smooth 
family of symplectic embeddings such that: 

(i) W s C W t when t < s; 

(ii) for any t, s > 0, the set Uue[t s] ^ s relatively compact in M. 

Then for any t < t' < s there exists a smooth time- dependent Hamiltonian 
G v : M — > R, v G [t,t r ], whose Hamiltonian flow ip v starting at v = t is 
defined for all v G [t, t'\ and satisfies tfit' ° 4>t\w s = 0i'|w s - 

Proof. We divide the proof into three steps. 

Step 1. Let s" G (f , s). Let x G W s ". By (i) we have that for any v G [t, t'], 
x G W v . Therefore one can take the following derivative : 

X v (4> v (x)) := — , 
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which defines a vector field on <p v {W s ii). Because all (p v J s are symplectic, the 
time-dependent vector field X v is symplectic. Hence the pull-back (cf) v )*X v 
is symplectic. Since W s u is simply connected, (4> v )* : X v \w „ is Hamiltonian : 
there exists a smooth function (x,v) t— >■ H v {x) on W s " x [t,tf] such that 

^yXyU = -dH v . 

We let 

H v {y) :=H v {cj>-\y)), 

which is a Hamiltonian function defined on cj) v (yV s f^) for the vector field X v . 
This concludes Step 1. 

Step 2. We'll construct a smooth family (t v : M — > M) ve ^ t t ^, with : 

(!) T v\<p v (w s ) = i; 

( 2 ) Tv\m\^ v (W v ) = 0. 

In order to do this, fix s' G (s" , s), and let % € C°°(M) be equal to 1 on W s 
and to on M \ W s i . We simply define 



Tv{y) ■-- 



otherwise. 



The map t v , for v G [t, i'], satisfies (1) and (2). It remains to see that 
(v,y) h-> r„(y) is smooth. First, let (uq,2/o) G [t, ^] x M be such that yo G 
0w o (W uo ). Using the continuity of the family (<f> v ) and the fact that <f>v (W V0 ) 
is open in M, we see that y G for (v, y) in a small open neighborhood 

of (vo,yo). Hence, in this neighborhood, 

(v,y) H> r v (y) =x° <t>~ l {v) 

is smooth. Second, suppose that yo g" 4>v (W Vo ). Therefore yo G" <t>v (W s i), 
and the latter being closed, there is a small neighborhood of (vo, yo) in which 
all (v,y) satisfy y G" cj) v {W s i). Hence y G" (f) v (W s >), and both cases in the def- 
inition of t v lead to t v (x) = 0, which proves the smoothness. 

Step 3. We may now define a smooth time dependent Hamiltonian G : [t, t'] x 

M -> R by 

= H v (y)r v (y) 

for y G (W 7 ^) and = for y G M \ (j) v (W v ). Of course, G„ = H v on 

Let Y v be the Hamiltonian vector field associated to G v and let ip(v,y) 
be the flow of Y v starting from time t : 

dip(v,y) 



dv 

4>{t,y) = y 



Y v (i>(v,y)) 
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The vector field Y v vanishes outside of the fixed set LXertt'] 4>v(W v ), which 
is relatively compact in M for any fixed t,t' > by assumption (ii). This 
implies that the flow ip(v,y) can be integrated up to time t' . 
Let 

tp(v,x) := ijj(v,(/) t (x)). 
Then <p satisfies the Cauchy problem on W s : 

<p(t,x) = <j>t(x). 

Therefore, for all x G W s , tp(v,x) = (f> v (%)- In particular, when v = if, we 
get, with ^(j/) := ijf(lf,y), 

* ° 4>t\w s = 4>t'\w s 

This concludes the proof. □ 

Lemma 5.6. Let V\ C Vi C . . . C V n C . . . be a sequence of simply con- 
nected open subsets of a symplectic manifold N . Let i n : V n M, n£N*, 
be a sequence of symplectic embeddings into another symplectic manifold M 
such that for any n 2 there exists a symplectomorphism ip n : M —> M 
satisfying 

tpn ° in+l\Vn-i = in\v n -i- 

Denote 



V:=(J V n . 



n=l 



Then there exists a symplectic embedding j : V M. 

Proof. Define j : V — > M by 

j(x) := ip 2 o ip 3 o . . . o ^ n _! o i n (x) 

for x E V n -\ C V for n > 2. This definition is independent of the choice of 
n > 2 for which x £ V n -i- Then j is a local symplectomorphism which is 
injective (any two points x,y are contained in a common V n -i); thus it is a 
symplectic embedding. □ 

Proof of Theorem 5.3. Consider the sequence of domains V n := W\/ n . 
For each n ^ 3, consider the family 



and the values s = ^ry, t = and t r = — . Then Lemma 5.5 gives us 
a symplectomorphism ip n : M ^ M such that 

V>n ° Wl|v n _i =*n|v n _i, 

which is the assumption of Lemma 5.6. Since \J n ^ 3 V n = Ute(o a) we 
get Theorem 5.3. 
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6. Guth's Lemma for families 



We explain how Guth's construction [10, Main Lemma] may be imple- 
mented in a smooth family, in the sense of Definition 5.1. As before, n 3. 

Lemma 6.1. (Main Lemma in [10, Section 2] for families) Let £ be the 
symplectic torus T 2 = R 2 /I? of area 1 minus the "origin" (i.e. minus 
the lattice Z 2 , £ = (R 2 \ Z 2 )/Z 2 J. There is a smooth family (* j r)_r>i/3 of 
symplectic embeddings i R : B 2 ("'- 1 )( J R) hEx B 2 ( n - 2 )(10i? 2 ). 

In order to verify Lemma 6.1 we need to explain why the construction 
in [10] depends smoothly on the parameter R £ (1/3, oo). Checking this 
amounts to checking that the "choices" therein made depend smoothly on 
R and e. Guth's Lemma is valid for R = 1/3, however we shall see that the 
family is not smooth at this value (there is a square root singularity). 

Proof. We may restrict to n = 3 with a smaller constant : B 4 (i?) <^-> 
E x B 2 (\/72i? 2 ). Indeed, on the left hand-side we use the natural embedding 
B 2(n-i)^ c B 2(n-3)( R j x b 4 (#), and on the right hand-side we use the 
natural embe dding B 2< ^ n ' 3 \R) x B 2 (V72R 2 ) C B 2{ - n - 1 \yj72R A + R 2 ) and 
notice that \/72R i + R 2 < 10R 2 , in view of R > 1/3. To check smooth- 
ness with respect to R we need to write some explicit formulas for maps 
and domains which were not explicitly written in Guth's paper. Then the 
smoothness with respect to R as in Definition 5.1 becomes equivalent to 
the smoothness of the formulas. In terms of the notation in Definition 5.1, 
we let B = B 4 (l) C N = M 4 , P = (1/3, oo), the map g is just a scaling : 
g(R,b) = R ■ 6, R £ P, b £ B, and M = S x R 2 . Guth's proof has two 
steps. The first one, due to Polterovich, is to construct a linear symplectic 
embedding of B 4 (R) into T 2 x B 2 ( v / 72-R 2 ), when R > 1/3. The second step 
is to modify this embedding by a nonlinear symplectomorphism in order to 
avoid a point in T 2 . Both steps depend on the radius R, therefore we have 
to check the smooth dependence. 

Step 1. We want a plane Vr C M 4 , depending smoothly on R, such that 



It turns out that one can give an easy formula for this plane. For t > 0, let 
W t ■= span{(l, 0,0,0), ej with e t := (0,i,l-i,0). Let tp t : R 2 -»■ W t be the 
linear parameterization given by <p(u, v) := (u, tv, (1 — t)v, 0). We have that 
ip*to = tdv A du. On the one hand, 



B\R)nW t = {(x 1 ,y 1 ,x 2 ,y 2 )eV t \ ( Xl ) 2 + ( Vl ) 2 + (x 2 ) 2 + (y 2 ) 2 ^ R 2 } 



(3) 
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which is the image of an ellipse of area irab, where a = R, b — ^ 2 t 2 -2t+l ' 
Therefore 

tnR 2 

tdv A au 



f 



v - 1 (B 4 (R)nWt) V2t 2 -2t + l 

If R > 1/3, the equation ^ 2 f2-2t+f = § ^ as * wo som ti° ns > ano ^ one °f 
them is a smooth positive function (1/3, oo) 3 t h-> i?(i). Thus, we may let 
Vt := Wflft), and we satisfy (3). 

Now, let (fi,R, f2,R.) be an orthonormal basis of Vr, and {f^~ R , I^r) be a 
symplectic basis of the symplectic orthogonal complement . These basis 
may be chosen to depend smoothly on R. Then the linear map 

(Lr) -1 : (x 1 ,y 1 ,x 2 ,y2) ^ ^xxh,R + Vih,R + xif\,R + mf^R 

is symplectic when u(Xfi jR , / 2 ,.r) = 1, i.e. A = (u)(fi,R, f2,R))~ 1 - Thus 
(Lr) r> i/q is a smooth family of linear symplectomorphisms that map planes 
parallel to Vr to planes parallel to the {x\, j/i)-plane, and maps disks parallel 
to Vr to disks. Let P be an affine plane parallel to the (xi, yi)-plane and 
let P R = L^(P). Then B A (R) n F fi is a ball of radius sC R parallel to 
B 4 (i?) n Vr. Therefore, since u is invariant by translation, we have that 
fB 4 (R)nP R u ^ §B 4 (R)nv R UJ = f ' ( no * e that B 4 (i?) n Pr can be translated 
to be a subset of B 4 (R) n Vr.) We know that Lr(B 4 (L!) n Pr) must be a 
Euclidean disk B 2 (r) in the (xi, yi)-plane. Since Lr is symplectic, we have 
that 

7T 



L fl (B 4 (fl))nP Jl r (B 4 (R)C\P r ) JB 4 (R)nP R 9 

S v ' 

B 2 (r) 

and therefore J B 2( r ) dx\ dyi ^ |, and hence r ^ 1/3. Lr(B 4 (.R)) is an 

ellipsoid (by this we mean the open set bounded by the ellipsoid) in M 4 whose 
half-axes are smooth, positive functions of R. Hence its projection onto the 
( x 2, 2/2)-pla n e is an ellipse with the same properties. Therefore, there exists 
a smooth positive function /i(R) such that the projection onto the (£2,2/2)- 
plane of f JJ oL J? (B 4 (fi)) is a disk, where £r is the symplectomorphism 

(£i, 2/1, £2, 2/2) i-> (zi, 2/i, (J,(R)x2, (fi(R)y 1 y 2 ). 

In the sequel, we assume that Lr is this new symplectomorphism Ir o Lr. 

The rest of the proof of Step 1 does not involve any construction depend- 
ing on R. We repeat the argument here for the sake of completeness. Let 
Q : R 2 x R 2 -> T 2 x R 2 be the map defined as the quotient map R 2 -> T 2 
on the first factor, and the identity on the second one (see Figure 1). Q 
restricted to the ellipsoid Lr(B 4 (L!)) is injective : indeed the "vertical" co- 
ordinates (£2,2/2) are preserved, and the intersection of Lr(B 4 (L!)) with a 
horizontal plane is a disk of radius ^ g < |. Hence Q\l r (b 4 (r)) 1S an em ~ 
bedding. The desired embedding is Q o Lr, which depends smoothly on R. 
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Let 7T2 : M 2 x M? — > M? be the projection onto the second factor. It remains 
to estimate the size of 7r 2 (L R (B 4 (R))), which we know is an open disk. Let 
S be the radius of this disk, and let p = (x 2 , 2/2) be a point in the concentric 
disk of radius 5/2. Because of (3), the preimage 7r 2 ~ 1 (0, 0) is a disk of radius 
1/3. Since the ellipsoid is convex, the preimage ir^ip) (which is a disk) 
must have a radius at least 1/6. We can now get a lower bound for the 
volume v of Lr(B 4 (R)) by integrating over the subset which projects onto 
x 2 + 2/2 ^ S 2 /4 : v ^ ^TTM" Since Lr is symplectic and hence volume 
preserving, v is also the volume of B 4 (i?) : v = ^it 2 ^. Hence S ^ \[T1R 2 . 

Step 2. We want now to modify Lr by a nonlinear symplectomorphism 
^>r, such that the image ^r o Lr(B 4 (R)) avoids the integer lattice Z 2 x M. 2 . 
Then the required embedding will simply be Q o ^/r o Lr. 

We are not going to repeat Guth's argument, but simply to point out 
the smooth dependence on R. Let ni : M 2 x M 2 — > M 2 be the projection 
onto the first factor. Let p(R) ^ 1 be a smooth function such that the 
ellipse tti(Lr(B 4 (R))) is contained in the disk of radius p(R). For instance 
one can take p{R) to be 1 plus the sum of the two half-axes of the ellipse. 
Then ^r = ^r ® Mr, where ^r is a symplectomorphism of M 2 , obtained 
by lifting a diffeomorphism &r of the x\ variable. We define §r(x\) = x\ + 
fn( x i)i where fa : K — > R is a smooth function that satisfies the following 
properties : 

(1) f' R (x x ) > -0.1; 

(2) fn is periodic of period 1; 

(3) f R (k) = 0, Vfc G Z; 

(4) /^(fc) = lOOp(ii), VA: G Z; 

(5) < 1(T 4 ; 

(6) The map (1/3, 00) xi3 (R,x\) \-t Jr(xi) is smooth. 

A function satisfying these requirements is depicted in Figure 2. □ 
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Figure 2. function Jr. 



7. Embeddings into B 2 (i?) x B 2 (i?) x R 2 (™- 2 ) 

We start with a particular case of the classical non-compact Moser theo- 
rem (see also [22, Theorem B.l, App.]): 

Lemma 7.1 (Greene and Shiohama, Theorem 1 in [ ]). IfT, is a connected 
oriented 2-manifold and if u and r are area forms on S which give the same 
finite area, then there is a symplectomorphism ip : (M, oj) — > (M, r) . 

The Greene-Shiohama result remains valid when varying with respect to 
smooth parameters. 

Lemma 7.2. Let I CR be an interval. Let {M^}s^i and {Ns}sei be smooth 
families of connected 2-manifolds such that on each Ms,N$ there are area 
forms ujs,t$, respectively, giving the same finite area for each 5 G /. Then 
there is a smooth family of symplectomorphisms (ips- Mg —> Ng)g^j. 




Figure 3. Steps to arrive at Figure 4. 

The following is a smooth family version of the main statement proven 
by Hind and Kerman in [11, Section 4.2]. It concerns ball embeddings 
constructed using Hamiltonian flows. As before, let S be the symplectic 
torus T 2 = M 2 /Z 2 of area 1 minus the "origin" (i.e. minus the lattice Z 2 ). 
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Theorem 7.3 (Section 4.1 of [11] for families). For any e > 0, we let 

S(e) := (M 2 \ y / eZ 2 )/y / eZ 2 be the scaling o/E with symplectic area e. There 
exist constants €q > ; c > 0, and a smooth family (7 e ) (:e (o, eo ] of symplectic 
embeddings I e : S(e) x B 2 (l) ^ B 2 (^2 + ce) x B 2 (V2). 

Proof. We have organized the proof in several steps. As in the proof of 
Lemma 6.1, smoothness is the sense of Definition 5.1. 



Step 1 (Definition of immersion i e 
we may define a smooth immersion 



For sufficiently small fixed e > 



(4) 

where 
(5) 



ie- S(e) 



lOOe 



by Figure 4, with a = e 2 . In particular, the double points of the immersion 
are concentrated in the small region [—a, a] x [— e/2, e/2]. The topological 
steps to transform the punctured torus S(e) into such a domain are depicted 
in Figure 3. 



Step 2 (Modifying i e to make it symplectic). By Moser's argument applied 
to (S(e), W£(e)) and (S(e), i*oJo) (Lemma 7.2), where do is the standard sym- 
plectic form on IR 2 , the immersion (4) may be modified so as to obtain a 
symplectic immersion. For this to hold, we need that 



(6) 



E(e) 



i*LOo = area of S(e). 



2e 



—A -a 


) A 

^ 1 — - 


^^^^ 


e 





-r + 7T6 

^4 



Figure 4. The immersion i e : S(e) ^ M 2 . 
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The right hand side of (6) is equal to e = lOOe by definition of £(e). Let's 
compute the left hand side of (6). From Figure 4, it is equal, for sufficiently 
small e > 0, to the sum of the areas of five horizontal rectangles of area Ae, 
and four vertical rectangles of area tzt, plus several corner squares whose 
area is a smooth function of e of order e 2 . Since a = e 2 we obtain that, for 
sufficiently small e > : 

(7) [ i* e u J0 = 5Ae+ 4 ^ + O(e 2 ). 

Let p(A) = i*wo, so that (6) is equivalent to p(A) = lOOe. We 
need to show that this equation has at least one solution which should 
be bounded from below by a positive constant independent of e. This fol- 
lows from the study of the second order equation q(A) = 0, where q(A) := 
A(p(A)/e - 100) = 5A 2 + (0(e) - 100) A + 4vr, which has two positive solu- 
tions A ^ ^ provided that we chose e in Step 1 to be small enough. Hence 
by choosing A = A(e) to be either solution we have a smoothly dependent 
function on e for which Moser's equation (6) holds. Therefore we may ap- 
ply the non-compact Moser theorem (Lemma 7.2) to get a diffeomorphism 
(p e : S(e) — > S(e) such that ip*(i*oJo) = wwg) and therefore by composing i e 
with ip t we may assume that (4) is symplectic. This concludes Step 2. 

Step 3 {Preparatory cut-off functions). Choose a smooth cut-off function 
Xe : M — t- [0, 1] which is non decreasing on IR - , non increasing on M + , taking 
values as follows : 

(8) Xe = 1 on [-a, a]; 

(9) X e = on R\[-A+I,A-I], 

and such that it satisfies the following bounds : 
• For every x € M, 

(10) \x' e (x)\^j + e. 



For every x E [—^4 + |, A 



2' 2-1' 



(") 



*(.) - (i - 



^ e. 



Such a function Xe is depicted in Figure 5. The C° estimate (11) follows 
from d = qma ^ e ( recan that A ^ |). The C 1 estimate (10) follows from 

the fact that the maximum slope of the graph in Figure 5 is — — and 

that, when e < A, 

This concludes Step 3. 



100 



A 100 A 



1 

< -7 +€. 
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-.1 



-A + 



201) 



20(1 



Figure 5. The cut-off function Xe- We have represented the 
x < part; the function is symmetric with respect to x = 0. 



Step 4 (The smooth map 3 e ). On M 2 x M 2 we define the smooth family 
of Hamiltonian functions (3~C e (xi, yi, X2, y%) '■= — Xe(%l)%2 V^)e whose flow 
is the smooth family ($ e ) e given by : 



(12) $ e {xi,yi,X2,y2) = [Xl, yi+x'e{x 1 )x 2 V^, X 2 , y2 + Xe{xi)y/Tt 



Let Q(y / 7r) denotes the open square (0, ^/tt) x (0, y/n) and R(^/^r, 2^/7r) be 
the open rectangle (0,^/tt) x (0,2-^/n). Let S e be the connected subset of 
S(e) that is mapped to the horizontal strip § e = (— A, A) x (— f, §) by the 
immersion z e (See Figure 4). We define 3 t : £(e) x (^(y^) — > ^ by 



Since Xe ^ 1; the image of 3 e lies in the set M 2 x R(y / 7r, 2^/^^). Moreover, 
J e is smooth because the Hamiltonian flow <£ e in (12) is the identity near 
x = ±A, y G (—§,§) (since Xe = there by (9)). For the same reason, 
3 e is a local diffeomorphism, since i t is a local diffeomorphism and & t is a 
diffeomorphism. 

Step 5 (J e is injective). Assume J e (cr, 6) = 3 e (a',b'). There are three cases. 

(a) Suppose that a G § e and cr' G § e . Then $ e (i e (cr),6) = <5 £ (z e (<7'), &'), 
so since <3? e is a diffeomorphism, (i t (a),b) = (i e (a'),b'). Since i e |s E is 
injective, we have that a = a' and b = b' as we wanted. 



(13) 
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(b) Suppose that a ^ § t and a' S e . Then (i e (a),b) = (i e (a'),b') and 
since i t is injective outside of S e , we have a = a' and b = b' . 

(c) Suppose that a £ § e and a' ^ S e . We have that <3? e (2 e (cr), b) = 
(i e (a'),b'). Let us write in coordinates (x\, yi, X2, U2) = {ie(o~)-,b) and 
(x'i, y[, x' 2 , y' 2 ) = {i e {o~')-,b'). From (12) we have 



(14) 



(15) 



X\ — X\] 

x' 2 = x 2 ; 

y[ = y\ + x'e( x i) x 2VK] 

In particular, \y' 2 — 2/2 1 = Xe(xi)\/TT. Since yi € (0, t/tt) and y' 2 £ 
(0, y/n) we must have that Xe(l) < 1- Hence > o, and we are 
outside of the vertical strip ^ a. If x\ < —a, the second to last 
equation in (14), and the slope bound (10), imply 

iyi < y[ <yi + Q + 

1 x\ ^ —A (because a G S e ). 

It follows from Figure 4 that (15) is not possible. 

Similarly, if x\ > a then \' ^ 0) an d we have that y\ ^ y[ > 
yi — (-j + e)ir, which is, again by Figure 4, impossible. 
This concludes Step 5. 

Step 6 (Conclusion). We have so far shown that we have a smooth embed- 
ding 

(16) J t : E(e) x Q(V?r) M 2 x R(x/tt, 2^) 

for sufficiently small values of e > 0. From the formula (12) for the flow <£ e 
we have that 7ri(J e (E(e) x Q(- v /7r))) C -D e , where D e is depicted in Figure 7, 
and 7Ti : M 2 x M 2 — )• M 2 is the projection onto the first factor. So 3 e gives an 
embedding 

(17) 3 e : E(e) x Q(Vtt) ^ D e x R(v^F, 200- 

Let (</? e : B 2 (r(e))) e >o be a smooth family of symplectic embeddings, 

where 

(18) r(e) ■ / Area(A 



7T 

Such family exists by Moser's argument (Lemma 7.2). By construction of 
D e (Figure 7) there exists a constant c > such that r(e) ^ y/2 + ce, for 
sufficiently small e > 0. Again by Moser's argument there are symplecto- 
morphisms 

(19) /: R(Vtt, 2^tt) B 2 (\/2) 
and 

(20) 5 :B 2 (1)^Q(^). 
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We may combine the maps (17), (19), and (20) to get a smooth family of 
symplectic embeddings (iie)g>o, for e sufficiently small, defined as follows 



E(e) x B 2 (l) E(e) x Q(0O 4D E x R(0r, 2, 0F) 

^ D £ x B 2 (V2) ^ B 2 (^2 + ce~) x B 2 (^2), 
where c = c/100. This concludes the proof. □ 



Figure 6. The open set D e is the envelope of the image of 
the immersion i e in Figure 4. Hence the total area of D t is 
of order 2Q x A) + 0(e) = 2vr + 0(e). 

Theorem 7.4 (Theorem 1.6 in [11] for families). Let n ^ 3. There exist 
constant C, C > and a smooth family of symplectic embeddings 

i S)R : B 2 (l) x B 2 ( n - x )(S) B 2 (i?) x B 2 (v / 2) x B 2 ( w ~ 2 )( cg2 ), 
where (S, R) vary in the open set 

(21) {(S,R)eR 2 \ S>0, V2 < R< V2 + CS 2 }. 

Proof. Consider the symplectic embedding 

i T : B^-^iT) 4Ex B 2 ^ 2 )(10T 2 ), T>\ 

given by Lemma 6.1, where E = (M. 2 \Z 2 )/Z 2 is equipped with the standard 
quotient symplectic form. For e > 0, let : M 2 ^ -1 ) — > IR 2 *™ -1 ) be the 
dilation T/g(a?) = \fex. The corresponding quotient map maps E x 
M 2 (™- 2 ) to S(e) x M 2 (™- 2 ). 

The map r ^oj^ofr^) _1 is a symplectic embedding of r v /j(B 2 ( n-1 )(T)) = 
B 2 ( n_1 ) (yfeT) into 

f^(E x B 2 ( n " 2 )(10T 2 )) = E(e) x B 2 ("- 2 >(l(VeT 2 )). 

Of course, as T > g and e > vary, the corresponding family of embeddings 
is smooth. By composing with the embeddings given by Theorem 7.3, we 
obtain a smooth family of symplectic embeddings : 

B 2 (l) x B 2i - n - l \^~eT) ^B 2 (v / 2 + ce) x B 2 (^2) x B 2 ( n - 2 )(10x/iT 2 ), 

T>l/3, e>0. 
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The conclusion of the theorem is obtained by the smooth change of param- 
eters (S,R) := (y/eT,y/2 + ce), whose image is the domain given by (21), 
with C = 9c. This change gives the constant C = 10-^/c. □ 



8. The Simple Spiral 

In the next section we shall need refinements of embeddings like <p e and / 
in (19), which allow the control of the size of image of various subsets of the 
source manifold. We present here such a result, which follows from a very 
elementary spiral construction. 

The following lemma is similar to several statements in Schlenk's book 
]. As in the previous section, we use the following notation: R(A,B) := 
(0, A) x (0, B) and Q(A) := R(A, A) (A, B > 0). 




Figure 7. Numerical simulation of the simple spiral 
<PA,B,\,8,r- (x,y) i-> (u,v) in Lemma 8.1. 



Lemma 8.1 (Simple Spiral Lemma). For any values A > 0, B > 0, A > 
0, 5^0, r 0, the map 

(22) V A BXS,r ■ R(A B) -> M 2 , (x, y) ^ {u, v) 

given by the formulas 



T - cos(2tt6») 
|sin(27re), 



(23) 



where I and 9 are given by I = yX + r + f {BX + 5) and 9 = f mod 1, 
satisfies the following properties: 

1. (fABXSr is a symplectic embedding of R(A, B) into B 2 (r), where the 



radius rA is given by ta 



BX+r+AB+ 



AS 
\ 
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2- (fA,B,\,6,r maps any subrectangle R(L, B) = (0, L) x (0, B) for all L ^ A, 
ofR(A,B) into B 2 (r^), where 



(24) 



BX + r + LB + 



L5 



7T 



(See Figure 



3. The image of ^>A,B,\,8,r avoids the closed ballB (yr/ir). 

4. Let P be the closed subset o/R 5 x R 5 x R 5 : 

P = (IK;) 5 U ( (IK;) 4 x{r = 0}) U ( (IK;) 4 x{5 = 0}), 
A,B,X,S A,B,X,r 

where R+ denotes the set of strictly positive real numbers. Then the family 
(PA,B,\,s,r)(A,B,\,5,r)eP ^ s smooth (as in Definition 5.2). 
Proof. Consider the symplectic maps: 

(25) ' 

(26) 

(27) 

(28) 



l 

A 

A 



(•,•) + (0,0: R 2 

1 

BX + 5 1 



projection onto 



x (R/Z): R 2 4lx (R/Z). 

The composition of these maps gives the symplectomorphism depicted in 
Figure 8, and is expressed by the following formulas: 



(29) (x,y) 



,yX + r 



(27 



^, y X + r + j(BX + S) 



where each function in (29) is restricted to its domain in Figure 8 . Then 




Figure 8. Domains and images of the transformations given 
by formulas (25), (26), (27), (28). 
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we compose the map (29) with symplectic polar coordinates M* x (M/Z) — > 
M? \ {(0,0)}, away from the singularity as in (23), and in this way obtain a 
symplectic embedding (fA,B,x,8,r given in the statement of the lemma. The 
fact that tfA,B,\,6,r is injective follows from 6^0- see the Figure 8 - and 
the slope of the line in the third part of the figure is BX + 6. This can be 
also be easily checked from the formulas for u and v. Finally, smoothness of 
the family follows from the fact that all transformations depend smoothly 
on the parameters in P. The singularity of the polar coordinates (23) is not 
included in the domain because the rectangles are open. □ 



Figure 9. Numerical simulation of the embedding in Theo- 
rem 9.1 of a square of side 1 into a ball of radius 1/^/tt. 

9. Embeddings into B 4 (i?) x R 2 (™- 2 ) 
The following is a family version of the main statement in [11, Section 4.1]. 

Theorem 9.1 (Section 4.2 of [11] for families). For any e > 0, we let 

S(e) := (R 2 \ y / eZ 2 )/y / eZ 2 be the scaling o/E with symplectic area e. There 
exist constants eo > 0, c > 0, and a smooth family (J e ) eg (o ieo ] of symplectic 
embeddings J 6 : E(e) x B 2 (l) ^ B 4 ( v / 3 + ce). 

Proof. The main idea, closely following [11], it to optimize the embeddings 
<p e and / from (18) - (19). In fact, instead of resorting to Moser's argument, 
we will construct the embeddings explicitly, using spiral constructions. 

Step 1 (A new embedding for R(y/ir,2y/Tr)). As a replacement for /, we 
define F : R(s/tt, — > M 2 to be the vertical analogue of the simple spiral 

(30) ipA,B,\,r,5i with A = 2\Ar, B> = A = e, r = 0, 6 = 
in Lemma 8.1 (and Figure 7). Precisely, we define 

F := ifA,B,X,r,S ° R, 

where R is the rotation of angle —ir/2 around the origin, followed by the 
translation of vector (0, y/n). 
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Step 2 (A new embedding of D e ). The construction of a new embedding 
<& e for D e is a bit more involved. The domain D e can be covered by two 
rectangles R\, R2 (see Figure 10), and each rectangle will be sent to a spiral, 
in such a way that the spirals don't overlap each other, and that there is 
enough space left in the image to properly glue the two spirals together. 



Figure 10. Rectangles R%, R2, and the central strip E{Aa). 

We identify R2 with the rectangle R{A + Ae, ^ + 2e) and spiral it with the 
symplectic embedding ip^ B x s , given by (22), where the parameters are : 

(31) A = A + 4e, B = ^-+4e, X = -|, r = Me, 5 = e, 

where the constant M > will be determined later. Thus we have a sym- 
plectic embedding fa - R2 — > ^ 2 • Similarly, we have a symplectic embedding 
Pi : R% — > M 2 by rotating R\ by the angle tt and translating it so that its 
lower right corner is at the origin (0,0); we obtain R(A,B) and then we 
spiral it with a modified symplectic embedding (p^ B XrS , which is given as 
in Lemma 8.1, except that instead of 6 = j we use 9 = j + \ . See Figure 11. 

For b > we denote by E(b) be the vertical strip (-6/2,6/2) x R. The 
final embedding <3? e will be obtained by glueing the restrictions Pi\R 1 \E(4e 2 ) 
and /32\R 2 \E(4e 2 ) to the central piece W := (RiUR2)r\E(Ae 2 ) (see Figure 12). 
This can be done by sending W inside the ball of radius y/r/it = sj Me/ir, 
which is possible for M large enough, since the area of W is 0(e 2 ) (Lemma 
8.1, part 3.) 
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Figure 11. Construction of the double spiral embedding 




Figure 12. Gluing simple spirals in Step 1 of Theorem 9.1. 



Step 3 (Definition of3e)- Let 

3e - E(e) x Q(Vtt) 4R 2 xl 2 

be defined by 3e '■= ® F) o J e , where J e was defined in (13). We'll write 
(xi,2/i, £2,2/2) = ? e (o-,&) and (z 1 ,z 2 ) = de(<?,b) and hence z\ = $ e (xi,yi) 
and Z2 = F(x2,y2)- Our next goal is to show that there is some constant 
c > 0, independent of e, Zi, Z2, such that 

(32) g e (£(e) x Q(Vtt)) C B 4 (V3 + ce), 

and in order to do this, we will find upper estimates for \z\\ and \z2\- 

Step 4 (T/ie image of Be)- In this step we will repeatedly use the for- 
mulas in (31). Consider the subrectangle R := R(y2,A) = (0,2/2) x (0, A). 
Using the formulas for the parameters in (30) and formula (24) we obtain 
an inclusion 

(33) F(R)cB\r y2 ). 
where 

, OA s I V^e + + 0T2/2 + [y~2 + e 

(34) ^ = V 7T = V^T- 
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Since z 2 6 F(R), we get 



(35) |z 2 | ^ 



7T 

Now we have two cases : (i) if a ^ S e then < y 2 = 6 2 < an d (ii) if 
o" € § e then y 2 = ^2 + Xe( x i) V^"- Therefore < y 2 < V^" + XeO E i)v'?r> an d 
hence the estimate (11) implies 

(36) 0< y 2 <^^(2-M + e 
It follows from putting together (35) and (36) that 

(37) | Z2 |2<; 2 _^i + e(1 + 1/ ^ ) . 

This concludes the estimate for |z 2 | 2 . 

Next we find an estimate for \z\\ 2 . Recall that (xi,yi) S D t . If (x\,yi) 
belongs to the central region W, then \z\\ ^ r/n = 0(e). Otherwise, we 
may assume that (xx,y\) lies in the rectangle R2 (see Figure 10); the case 
{xiiVi) £ R\ is symmetrically dealt with. Let us consider the subrectangle 
R(xi,B); from (24) and (31) we get : 

W < ^ e + Me + Xl {j + 4e ) +Xl {j + Ae 



(38) < 2^ + e(l + M + 8 Xl ) 



A 7T 

It follows from (38) that there exists a constant C < 00 (recall that < 
xi < A + 4e) such that 

(39) < l^i + (76, 
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and in particular 

(40) < 1 + Ce, 

where C = C + 4/ A. Hence from (37) and (39) we get that 
\ z |2 

(41) L ^ L + N 2 < 2 + (l + C + l/v^)e. 
Adding (40) we obtain that : 

\zi\ 2 + \z2\ 2 ^3 + ce, 

where c := 1 + 2C+1/ ^/tt + 4/^4 is a constant independent of e, #i , z%. Hence 
we get (32), which concludes the proof of the theorem. □ 

Theorem 9.2 (Theorem 1.3 in [ ] for families). Let n ^ 3. There exist 
constants C,C > and a smooth family of symplectic embeddings 

i SR : B 2 (l) x B 2 ("- 1 )(S) B 4 GR) x B 2 ("~ 2 )(^^), 
where (S, R) vary in the open set 

(42) {(S,R)eM. 2 \ S>0, v / 3< R< Vz + C'S 2 }. 

Proof. The proof is essentially identical to that of Theorem 7.4. Consider 
the embedding i T : B 2 ( n-1 )(T) 4Sx B 2 ( n ~ 2 )(10T 2 ), T > § in Lemma 6.1. 
For e > 0, let : M 2 ^" 1 ) -> M 2 ^- 1 ) be the dilation t^(x) = </ex. 
The corresponding quotient map fn maps £ x R 2 ( n ~ 2 ) to S(e) x M 2 ( n_2 ), 
The map oi T o (r^) -1 is a symplectic embedding of r v ^(B 2 ( n_1 ^(T)) = 
B 2(n-i)(^ T ) i n to f^(S x B 2 ( n - 2 )(10T 2 )) = S(e) x B 2 ("- 2 )(10^T 2 )). Of 

course, as T > g varies, the corresponding family of embeddings is smooth. 
By composing with the embeddings given by Theorem 9.1, we end up with 
a smooth family of symplectic embeddings : 

B 2 (l) x B 2 ^ -1 ) (s/eT) B 4 (a/3 + ce) x B^^^lOy^T 2 ), 
T>l/3, e>0. 

The conclusion follows by the smooth change of parameters (5, R) := (y/eT, y/3+ 
ce), with C = 10y/c and C = 9c. □ 

10. Proof of Theorems 2.3 and 4.3 

Proof of Theorem 4.3. Hind and Kerman proved [11, Theorem 1.5] that 
for any < -Ri < y/2 and any R2 ^ R\ there are no symplectic embeddings 
of B 2 (l) x B 2 ^- 1 )^) into B 2 (i?i) x B 2 {R 2 ) x M 2 (™- 2 ) when S is sufficiently 
large. Therefore, in order to prove theorem 4.3, it is sufficient to show that 
B 2 (l) x M 2 ^" 1 ) symplectically embeds into B 2 ( v / 2) x B 2 ( v / 2) x M 2 ^" 2 ). 

By Theorem 7.4 there exist constants C,C > and a smooth family 
of symplectic embeddings i SjR : B 2 (l) x B 2 ( n - 1 )(5) «-»■ B 2 (R) x B 2 ( v / 2) x 
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B 2 ( n ~ 2 \-0L=), where (S,R) vary in the set A of points (S,R) G M 2 such 
that S > and \[2 < R < y/2 + C S 2 . Let jR t g be the symplectic rescaling : 
B 2 (V2/R) x B^^W^S/R) ^ B 2 (V2) x B 2 (2/R) x B 2{ - n - 2 \^M=) , 

given by x (->• V2/R i s>R (Rx/V2). The family (jR,s)(R,s)eA is a g ain a 
smooth family of symplectic embeddings. 
Consider the smooth subfamily 

1 \/2 

(43) 4>e-=js,R, with 5':=— r, i? := . 

e(l-e) 1-e 

A computation shows that (R, S) £ A as long as 

r" 

which holds if e < eo and eo < 1 is small enough; hence the family (43) is 
well defined, gives symplectic embeddings from B 2 (l — e) x B 2 ( n—1 )(l/e) to 
B 2 (V2) x B 2 ( v / 2(1 - e)) x B 2( - n ~ 2 \p(e)) with 

2-V4C 

Of course, such a function p: (0, eo) - ► (0, oo) is continuous and 

Fi 2 (l - e) x B 2 ( ,t - 1 )(l/e)) C B 2 (v / 2) x B 2 (v / 2) x B 2 ( n ^(p(e)) 

CB 2n (2V2 + p(e)). 

Thus, in view of Remark 5.4 we may apply Theorem 5.3 to the family of 
symplectic embeddings (43) with target manifold M = B 2 (\/2) x B 2 (\/2) x 
j|2(n-2) ag j n Definition 5.1. In this way we get a symplectic embedding 
j: B 2 (l) x M^™- 1 ) ^> B 2 (V2) x B 2 ( v / 2) x M 2 ( n ~ 2 ), as desired, thus proving 
Theorem 4.3. 

Proof of Theorem 2.3. From [11, Theorem 1.1] we know that if < R < 
a/3 there are no symplectic embeddings of B 2 (l) x B 2 ( n_1 )(S) into B 4 (i?) x 
R 2 ( n_2 ) when S is large. Therefore, it remains to prove that B 2 (l) x IR 2 ( n-1 ) 
symplectically embeds into B 4 (v / 3) x R 2(n ~ 2 ). 

The proof is identical to the proof of Theorem 4.3. By Theorem 9.2 
there exist some constants C,C > and a smooth family of symplectic 
embeddings i s , R : B 2 (l) x B 2 ( n ~ 1 )(5) B 4 (R) x B 2 ( n ~ 2 >( , cs ' 2 ), where 

(S, R) is in the region A of (5, R) G M 2 such that S > and y/3 < R < 
\/3 + C S 2 . For all e > small enough we may define a smooth family of 
symplectic embeddings 

3 -i/4 C 



(44) ^iB^l-fjxB^fl/tjHB^xB 2 ^ 2 '! , 
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by <j) € (x) := (^)i S , R (^=x) with S = i(T=I) and R = f& We apply Theorem 
5.3 to the family (44) and get a symplectic embedding B 2 (l) x R 2 ( n_1 ) m> 
B 4 (V3)xl 2 M). 
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